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Stabilized Continuation Method for Solving Optimal
Control Problems

Toshiyuki Ohtsuka* and Hironori Fujii*
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A continuation method is discussed in this paper for solving a large class of optimal control problems with general
boundary conditions and nondifferential constraints. The method converts the optimal control problems into initial-
value problems of finite-dimensional ordinary differential equations that can be solved with existing algorithms
for numerical integration. The present continuation method is stabilized in the sense that stabilization techniques
are introduced to avoid accumulation of error in the integration process of the differential equations. It is shown
that the stabilization of the continuation method is equivalent to control of linear systems, and several stabilizing
techniques are considered. Furthermore, the multiplier method (augmented Lagrangian method) of continuous
type is developed for the continuation method to solve optimal control problems with boundary constraints. The
effectiveness of the present method is demonstrated for an example with initial and terminal constraints.

I. Introduction

O PTIMAL control problems have a large class of applications
in aerospace engineering. Optimal control problems result in

nonlinear two-point boundary-value problems (TPBVPs), and the
difficulties in solving the nonlinear TPB VP lead to cumbersome nu-
merical computation. Although many computational methods have
been proposed, modification of the existing methods and develop-
ment of new methods should yet be exploited earnestly to obtain
exact solutions successfully.

A continuation method is developed in this paper for solving the
optimal control problems. The principle of continuation methods
is that a given problem is embedded into a family of problems pa-
rameterized by a parameter, and the solution is traced varying the
parameter from the initial problem with a known solution to the
original problem. Fundamental theory of the continuation method
is summarized in Refs. 1 and 2. Roberts and Shipman3'4 apply the
continuation method to the shooting method for solving TPBVPs.
In their method, a sequence of TPBVPs are solved successively for
a sequence of time spans increasing stepwise. The solution for a
certain time span is taken as the initial guess of the solution for
the next time span in order to overcome the numerical difficulty in
the shooting method, which is quite sensitive to the initial guess
of the solution. The stepwise continuation in time span is studied
further and modified by Orava and Lautala.5 In Ref. 6, the boundary
condition in TPBVPs is embedded into a family of boundary con-
ditions in order to apply the continuation method. Parameters are
varied sequentially with small steps and the corresponding problem
is solved by using some iterative method in Refs. 3-6. In contrast
to Refs. 3-6, the parameter is increased continuously, resulting in
an initial-value problem of a differential equation, and no iterative
method is involved in Ref. 7.

The continuation method is also studied and modified from the
standpoint of the differential geometry. Chow et al.8 present a solu-
tion method of nonlinear equations that is constructive with proba-
bility 1. Although their method is similar to the classical continu-
ation method, the parameterized solution is traced in their method
with respect to the arc length of the solution curve, not the parame-
ter that parameterizes the problem. Their method is often called the
homotopy method in order to distinguish it from the classical con-
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tinuation method. The homotopy method is applied successfully to a
class of nonlinear TPBVPs,9'10 constrained nonlinear programming
problems,11'12 and so on.

In spite of some work on the application of the continuation
method to TPBVPs, the general formulation has not been presented
for the continuation method applied to a broad class of optimal
control problems specifically. The first objective of this paper is to
formulate and analyze the continuation method for optimal control
problems of a general problem setup. Our formulation of the contin-
uation method is similar to the approach in Ref. 7 in the sense that
optimal control problems are converted to initial-value problems
of finite-dimensional ordinary differential equations. One does not
have to solve TPBVPs directly, and existing algorithms for numer-
ical integration are available in solving the initial-value problems.
Although we focus our attention on optimal control problems rather
than general TPBVPs, we treat the general form of optimal control
problems, including general boundary conditions and nondifferen-
tial constraints, which are not discussed in the previous work. The
parameter for the continuation method can be chosen with freedom,
because of the generality of the formulation.

The second objective of this paper is to propose stabilization
techniques for the continuation method. That is to say, stabilizing
techniques are introduced to avoid accumulation of error in solving
the initial-value problems associated with the continuation method.
Whereas the conventional method utilizes such an iterative algo-
rithm as the Newton method in order to correct the error,2'13 this
paper modifies the continuation method so that the error attenuates
as the integration proceeds. Regarding the continuation method as
stabilization of a linear dynamical system, several stabilizing tech-
niques are proposed.

Furthermore, selection of the parameter to be varied and treat-
ment of the boundary constraints are discussed in this paper. The
multiplier method (augmented Lagrangian method) and one of the
proposed stabilizing techniques are considered for the continuation
method in problems with boundary constraints. The multiplier is
updated by a differential equation in the present multiplier method,
whereas it is updated stepwise in the conventional multiplier method.
Stability characteristics of the present multiplier method is analyzed
by Lyapunov's method. A numerical example shows the aspects of
the stabilized continuation method.

II. Formulation of Stabilized Continuation Method
A. General Formulation of Continuation Method for Optimal
Control Problems

We consider an optimal control problem parameterized by a
parameter s € [0, s/]. The objective is to obtain the optimal control
for s = Sf. Even if there are several parameters st to be varied,
they are parameterized by the one parameter as Si(s). We call the
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parameter s the continuation parameter in order to distinguish it
from free parameters to be optimized. The parameterized problem
is to obtain the optimal control input that minimizes the performance
index:

where the function F and the vector z are defined as

Js = ri[x(0)t p\ s\ + <?[*(!), p\ s]

subject to the constraints

/'Jo

= f [ x ( t ) , u ( t ) , t , p ; s ] .

L[x(t),u(t),t,p;s]dt

(1)

/ 6 R" (2)

nWQ . YI <? M C\\

i « * l ; « i < B (4)
*~* d J?"c • n <Z m f ̂ \

where x e Rn denotes the state of the dynamical system, u e Rm

the control input, and p € Rnp free parameters to be optimized. The
arguments of functions are often omitted hereafter. The functions
are assumed to be differentiable as many times as necessary. The
terminal time of the problem is normalized to 1 without loss of
generality. The terminal time is regarded as a free parameter if the
terminal time is not specified. Inequality constraints on the state and
control can be converted to the equality constraints in Eq. (5) by
introducing dummy variables. The augmented performance index
is defined in order to apply the calculus of variation:

fJo
[L - x) + pTC] dt

where

Y =

(6)

(7)

(8)

and X(t), p(t),v, and //, are Lagrange multipliers of appropriate
dimensions. The Hamiltonian H is defined for the optimal control
problem as

(9)

and for a fixed s, the necessary conditions of the optimality are
obtained from the calculus of variation as follows:

i = -tfj

Hu =0

XT
X + A.(0) = 0

f 1 H dt = 0
Jo

(10)

(11)

(12)

(13)

(14)

The above equations have to be satisfied subject to the constraints
in Eqs. (2-5) and constitute a TPBVP. The control input u(t) and
the Lagrange multiplier p(t) are determined from Eqs. (5) and (11)
for a pair of x(t) and X(t). The state x(t) and the costate X(t) are
functions of the initial conditions and the free parameter p, since
they are obtained integrating the Euler-Lagrange equation [Eqs. (2)
and (10)], starting from the initial conditions ;c(0) and A.(0). With
the conditions in Eqs. (2), (5), (10), and (11) satisfied, the TPBVP
is equivalent to a nonlinear equation:

F = / Hp
Jo

dt z =
MO)

p (16)

Note that x(l) and A.(l) are determined implicitly from z by the
Euler-Lagrange equations. The function F and the solution vector z
depend on the continuation parameter s, because the optimal control
problem depends on s. The differential equation

dF[z(s),s]
ds (17)

holds along the curve of solution (z(s), s) for Eq. (15), and the
differential equation (Davidenko equation) for zO) is obtained from
Eq. (17) as

^ = -F~lFs (18)

where the nonsingularity of the Jacobian matrix Fz is assumed. If
the solution of Eq. (15) is known for s = 0 and if the solution is
required at s = s/, then z(s/) is calculated by integrating Eq. (18)
starting from the known initial condition z (0) to s = s/. The optimal
control problem is solved as an initial-value problem for a finite-
dimensional ordinary differential equation, for which established
numerical algorithms exist.

The major difficulty occurs in the above continuation method
when the Jacobian matrix Fz becomes singular in integrating Eq.
(18). When the Jacobian matrix Fz is singular, the continuation
parameter is changed from s to the arc length a of the curve of
the solution (z(cr), s(a)) in order to remove the singularity, and the
differential equation (18) is replaced by2

IF, Fs]

dz
da
—

Lda,

= 0,

'dz
da
—
.dcrJ

= 1 (19)

When the matrix [Fz Fs] has full rank even if Fz is singular, the
derivatives of z and s with respect to the arc length a are deter-
mined uniquely from Eq. (19) and a continuity condition by rather
complicated procedures.13 If the matrix [Fz Fs] does not have full
rank on the set of solution for F ( z , s ) = 0, one can avoid this dif-
ficulty by replacing the function F in Eq. (19) with the following
function F':

F'(z, s', a) = sF(z, s) - (1 - s)(z - a) = 0, S € [0, 1]

(20)

F[z(s), s] = 0, (15)

where a denotes a supplementary parameter. The parameterized
Sard theorem8 implies that, for almost all a with respect to Lebesgue
measure, there is a zero curve of F' for s e [0, 1) along which
[F'z F's] has full rank. A similar argument as in Refs. 9 and 13
shows that if the zero curve of F' for s € [0, 1) is bounded, it has
an accumulation point (z, 1), where F(z, 1) = 0. Furthermore if
Fz(z, 1) is nonsingular, then the zero curve has finite arc length.9'13

One of advantages of the continuation method is that a large class
of problems is solved by tracing the solution curve of F(z, s) = 0
without recourse to any iterative approximation methods that require
a good initial guess of the solution. One drawback of the continuation
method is that one has to compute Fz and Fs many times in order
to trace the solution curve.

B. Stabilization Techniques in Continuation Method
Since error in the solution may accumulate through the numerical

integration process, some techniques2'13'14 are developed to correct
the error in the literature. Although such an iterative algorithm as the
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Newton method is often used to correct the error,2'13 it is more effi-
cient from the computational point of view to modify the differen-
tial equation so that the error attenuates as the integration proceeds.
Kabamba et al.14 introduce such a restoration term in Eq. (17) as

—
~ds = -aF (21)

where a is a positive scalar constant. All elements of F[z(s), s]
converges zero exponentially, and therefore z(s) converges to the
correct solution. Such a stabilizing term as in Eq. (21) is also dis-
cussed by Baumgarte15 for the simulation of mechanical systems
and by Branin16 for solving nonlinear equations, although they do
not intend the continuation method itself and the continuation pa-
rameter is not included explicitly in their problems.

One of objectives in this paper is further extension of the stabiliz-
ing term. In general, the stabilization of the solution to the correct
solution can be viewed as a class of control problems of a linear
system expressed as

dF
(22)

where v denotes the input to the system for stabilization. Deviation
of F from the origin, F = 0, is corrected through the integration
process by a stabilizing control input. The vector z(s) is obtained
by integrating the differential equation

(23)

When the Jacobian matrix Fz is singular, the continuation parameter
is changed from s to the arc length a of the curve (z(cr), s(a)) in
order to remove the singularity, and the differential equation (23) is
replaced by

dz'

ds = [FZ (24)

where [Fz Fs]+ denotes the Moore-Penrose inverse of [Fz F5], and
a vector r is determined by

[Fz F,]r = \\r\\ = 1 (25)

The vector r is determined uniquely from Eq. (25) and a continuity
condition with respect to the arc length a. The vector r is along the
curve F = const, and the vector [Fz Fs]+v is orthogonal with r. The
same arguments hold on the integration of Eq. (24) as the previous
section.

State Feedback
Many types of stabilizing input are possible, and several types are

discussed in this paper. The most simple stabilizing input is a state
feedback, expressed as

= AF[z(s),s] (26)

where A is a stable matrix. Equation (26) is a direct generalization
of Eq. (21). One can also choose the input v(s) as a linear-quadratic
regulator that minimizes the following measure of error:

Je = \FT(sf)SfFT(sf) + \ I f (FTQF + vTRv) ds (27)

where Sf and Q(s) are positive semidefinite matrices and R(s)
a positive definite matrix. The input v(s) is then given as a state
feedback:

v(s) = -R-l(s)S(s)F[z(s),s] (28)

where S(s) is the solution of the corresponding Riccati equation:

S(s) = S(s)R~l(s)S(s) - G(s), S(s) = Sf (29)

When R and Q are constant, the solution S (s) of Eq. (29) is obtained
explicitly by substituting S = — EE"1/? and by solving a differen-
tial equation for S. The resultant solution S(s) is expressed as

S(S) = -ue-u(sf-s)(U + S//T1)"1

U = (QR~l)~ll/2

(30)

(31)

In a steady-state case (s/ ->• oo) Eq. (28) reduces to a state feedback
with a constant gain matrix.

Open-Loop Control
When the stabilizing term is given in the form of such a state

feedback as in Eqs. (26) or (28), the closed-loop system reduces to a
linear system again. One can introduce an additive open-loop control
to the closed-loop system in order to set F to zero at a prescribed
value of s. The system is expressed as

— = AF + vads (32)

where A denotes the gain matrix of the state feedback and va the
additive control input. Even if the funQtion F is not zero at s — 0,
it is set to zero at s = Sf by the open-loop control input:

va(s) = - (33)

where <I>(0, s) denotes the transition matrix of the closed-loop sys-
tem by the state feedback and W(0, s) the controllability Gramian
matrix defined as17

-rJs\
ds (34)

The controllability Gramian matrix W(s\, s2) is nonsingular for any
pair of (5-1,5-2) (s2 > si) because the transition matrix 4>($i, s) is
nonsingular. Therefore the system of Eq. (32) is controllable by the
additive input vfl, and it is checked easily that F is set to zero by va
given as an open-loop control in Eq. (33). The open-loop control is
useful when the solution cannot be obtained easily for F(z, 0) = 0.

Tracking Control Law
Another type of stabilizing input can be designed as a tracking

control law. Given a reference input vref(s) and the corresponding
reference trajectory FrefC?) [Fref(s/) = 0], the stabilizing input can
be a tracking control law:

v(s) = K,[F[z(s), s] - Fref(s)} (35)

where Kt is a gain matrix determined appropriately. The error be-
tween actual and reference trajectories (F — Fref) is governed by
the differential equation

d
d^( (36)

The error F — Fref attenuates as the integration proceeds if Kt is
stable. It is shown from Eq. (36) that the matrix Kt is regarded as a
gain matrix of state feedback. Therefore Kt may be determined as
an optimal feedback gain of a linear quadratic regulator.

Nonlinear Feedback
The stabilizing term can also be designed as a nonlinear feedback.

Introducing a candidate of a Lyapunov function V(F), a stabilizing
input is given by

(37)
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where Q is a positive definite matrix. The function V(F) is
monotonously decreasing with respect to s since

ds dF
(38)

The Lyapunov theorem18 implies that the origin, F = 0, is asymp-
totically stable in the sense of Lyapunov, if the derivative dV/dF is
not the null vector except for the origin.

C. Variation of Optimal Solution with Respect to Continuation
Parameter

In order to integrate Eq. (23) or (24), it is necessary to evaluate
the derivatives of the function F with respect to z and s. They are
evaluated from the calculus of variations, since the derivative dz/ds
is expressed as variations of the optimal solution with respect to s,

dz
ds ds

<Ur(0)
ds ds ds ds J

(39)

where 8x(t) denotes the variation of the optimal trajectory caused
by the infinitesimal variation in s, ds, and so forth.

Variations of u(t) and p(t) are expressed in terms of the state,
costate, and other parameters as follows:

dp + M ds (40)

where

[j K M]=-[t TT HUX fu Hup Hu:i

.cx o cp cs_
(41)

The matrix in the right-hand side of Eq. (41) is partitioned compat-
ibly with sizes of /, K, and M. We assume

det (42)

which is required commonly in such an existing second-order algo-
rithm for optimal control problems as the modified quasilineariza-
tion algorithm (MQA).19'20 The variations in the state and costate
are governed by the following variational equation:

(43)

where

c Bc Cc] =
/, o

.-#« -) -ft,

(44)

The variations of the state and costate depend linearly on the varia-
tions at initial conditions and parameters as

=
pjc(0)l
[sx(0)J (45)

where the matrices 3>(0, *(0» and £2 (t) satisfy the following linear
differential equation:

d?L

with the initial condition

Bc Cc] (46)

0 0] (47)

The variations of the terminal state and costate are expressed by Eq.
(45) in terms of variations of the initial state, the initial costate, and
the parameters. The variations in the boundary conditions in Eqs.
(3), (4), and (12-14) and the use of Eq. (45) yield the derivatives of
the function F(z, s) as follows:

X,
Si
Ti
Xx

where

[[5, 52]

+ [0 Yx

[[71, T2]

S3 0

0

f/2

XP
U3

Ap
0

0

F,=
X5

(48)

(49)

0]

fJQ
(50)

0]

(52)

The matrices are partitioned on both sides of Eqs. (48-52) compat-
ibly with each other. The number of columns of 7}, Rit and f/,
(/ = 1,2) is half of that of 3>(1). The vector z(s) is obtained
by integrating Eqs. (23) or (24) where the matrices Fz and Fs
are given by Eq. (48). The desired optimal trajectory is obtained
from z(sf) by integrating the Euler-Lagrange equation [Eqs. (2)
and (10)] with the optimal control input determined by Eqs. (5)
and (11). Computation of F, Fz, and Fs requires integration of
Hp(t],d®(t)/dt, Ri(t), Hpp(t), and other quantities that depend on
x(t), A.(0, u(t), and p ( t ) . Since integration of those quantities can
be carried out in parallel with integration of the Euler-Lagrange
equation by using the Runge-Kutta or other methods, functions
*(0, M0» «(0» and p(t) do not have to be stored over the whole
interval [0, 1]. Therefore the continuation method requires less data
storage than such existing algorithms as the sequential conjugate
gradient-restoration algorithm (SCGRA)21 and the MQA, which
need to store those functions.

III. Discussion on Problems with General
Boundary Conditions

A. Problems with Given Initial State and Terminal Constraint
The feedback-type stabilizing techniques do not bring a nonzero

F to the origin exactly at a prescribed value of s, since they guaran-
tee only asymptotic stability. Therefore z(OJ should be given so as to
satisfy F[z(0), 0] = 0, unless F is replaced with F' defined in Eq.
(20) or such an open-loop control is introduced as Eq. (33). How-
ever, it is often difficult to find a solution that satisfies both initial
and terminal conditions in an optimal control problem, even if the
problem is simplified at s — 0. Furthermore, another difficulty may
occur in tracing the solution, even if a solution satisfying boundary
conditions is found. Such a situation is demonstrated in a simple
case below.

It is often the case that the initial state is specified, the terminal
state is constrained to satisfy a certain equality (T^[JC(!)] = 0), and
there is no parameter to be optimized. We assume dim ty > 1. The
unknown variables in the stabilized continuation method reduce to
the initial costate X(0) and the Lagrange multiplier v for the terminal
constraint in this case. The function F and matrix [Fz Fs] are given
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in this case as follows:

F =

(53)
S2

0

If the terminal time is chosen as the continuation parameter s, the
terminal state jc(l) is identical with the initial state *(0) at s = 0.
Therefore the terminal constraint cannot be satisfied at s = 0 unless
i/r[jc(0)] = 0 holds for the given initial state. One can avoid this
difficulty by replacing the function i/r with ̂  defined as

, s] = l; 0)] (54)

The terminal constraint ^[jc(l), 0] = 0 is satisfied at s = 0 for any
x(l). However, no matter which of functions ^r and i/f is employed,
<f>12(l) = 0 holds for any z = I>7(0) VT]T when the terminal time
is zero. This implies that the matrix [Fz Fs] cannot have full rank at
5 = 0, and the zero curve of F cannot be traced by using Eq. (19).
This situation occurs since the variation of the initial costate has no
effect on the final state.

Similar difficulties as the above case can also occur in other prob-
lems with general boundary conditions. In order to avoid difficulties
in problems with general boundary conditions, this paper consid-
ers two approaches; the multiplier method (augmented Lagrangian
method) and the open-loop control. The two approaches can be im-
plemented simply and are applicable to a large class of problems.

B. Multiplier Method in Continuation Method
The multiplier method22 (augmented Lagrangian method) is an

effective technique for converting a constrained minimization prob-
lem to an unconstrained one and enables one to use the algorithms
for unconstrained minimization. An optimal control problem with
the terminal constraint is solved by successively minimizing a series
of the performance indices with the terminal penalty replaced by

(55)

(56)

and the scalar c\ is a positive constant with a sufficiently large mag-
nitude. Note that the penalty term associated with the constraint is
added in Eq. (55), which distinguishes the present multiplier method
from the simple Lagrange method of multipliers. Although the scalar
c\ may also be updated according to a certain criterion, we assume
here it is constant for simplicity. In contrast to the usual multiplier
method in which the optimization problem is changed discontinu-
ously as in Eq. (56), the optimization problem is embedded into a
family of problems continuously in the present continuation method.
Therefore v(j) is replaced by v(s), and regarding Eq. (56) as a dif-
ference equation, the update formula of the multiplier is modified
to a differential equation naturally as

(57)

where v(l-) denotes the multiplier updated by the formula

as

where c2 is a positive constant. The constant c2 is not necessarily
identical with c\, since the scaling of dv/ds may be taken arbitrarily
with respect to the continuation parameter s. The initial condition
at s = 0 for Eq. (57) is chosen so that the boundary conditions are
satisfied except for the terminal constraint.

The stability of the present continuous multiplier method can be
analyzed in a limited situation by using the Lyapunov method. This
paper analyzes the stability of the continuous multiplier method for
the terminal constraint that does not depend on the continuation
parameter explicitly. Further assumptions are that the initial state is
given and the free parameter p to be optimized and the continuation
parameter s are not included explicitly in the problem formulation.

In other words, we consider only the effect of the multiplier method
on the process of the continuation method. We have

and total differentiation of the terminal condition Eq. (13) with re-
spect to s yields

(59)

where the assumptions q>s = 0 and ̂  — 0 are used. We introduce
a candidate of the Lyapunov function tyT ty, and its derivative with
respect to s is expressed as

d T T_(^V) = 2vds ds

where the matrix P is defined as

c2 ds

.P = - <D[2(1)022(1) - 4>£ (61)

The Lyapunov theorem implies that ̂  = 0 is stable in the sense of
Lyapunov if the matrix P is positive semidefinite. Furthermore the
asymptotic stability is guaranteed by an extension of the Lyapunov
theorem18 if the set of points at which d(^T\lf)/ds is zero contains
no positive half-trajectory except \js = 0. If ty = 0 is asymptoti-
cally stable, the error in the terminal constraint converges to zero
as the continuation method proceeds. Therefore the terminal con-
straint may not be satisfied at the start of the continuation method,
which often simplifies formulation of the continuation method. It is
observed in Eq. (61) that the matrix Yxx should be so large that P
is positive semidefinite. Choosing a large c\ result in a large YXX9 as
is seen from Eq. (58). Consequently, c\ should be so large that the
error in the terminal constraint converges to zero, which is consis-
tent with the fact that the usual multiplier method also requires a
sufficiently large weight for the penalty term in order to guarantee
the convergence of the solution. An optimal control problem with
both the initial and terminal constraints can also be converted to a
problem with neither of them by applying the multiplier method to
both constraints. Although the stability of the continuous multiplier
method is not evident in more general situations than the present
analysis, the method works satisfactorily in a variety of problems,
as is shown in the numerical example in this paper.

C. Continuation Method with Open-Loop Control
If the above multiplier method is not employed, the terminal time

has to be nonzero at s = 0 so that the matrix [Fz Fs] has full rank,
as is shown in the previous analysis. However, it is often difficult
to find a solution that satisfies F = 0 for a nonzero terminal time.
One can start the continuation method without solving F = 0 by
employing F' in Eq. (20) in place of F or by introducing the open-
loop control in Eq. (33), which brings a nonzero F to the origin
at a prescribed value of s. Here we consider a case in which the
open-loop control in Eq. (33) is introduced. When the matrix A is
zero identically in Eq. (32), 4>(0, s) = /, W(0, sf) = sfl, and the
differential equation for F is given by

(62)

Integration of Eq. (62) yields an equation that is parameterized by
a fee parameter a = z(0) as follows:

F"(z, s, a) = F(z, s) - (1 - s/sf)F(a, 0) = 0, s € [0, sf]

(63)

Therefore the continuation method with the open-loop control is
equivalent to tracing the zero curve of F". The above equation is sim-
ilar to one employed in a constructive global Newton procedure.23

It can be shown that Eq. (63) has the same preferable properties as
Eq. (20). If the matrix Fz(a, 0) is nonsingular, the parameterized
Sard theorem implies that, for almost all a with respect to Lebesgue
measure, there is a zero curve of F" for s e [0, Sf) along which
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[F" F"] has full rank. It can also be shown that if the zero curve of
F" for s € [0, Sf) is bounded, it has an accumulation point (z, s/),
where F(z, sf) = 0. Furthermore, if Fz(z, .?/) is nonsingular, then
the zero curve has finite arc length.9'13

A possible difficulty in solving a nonlinear equation associated
with TPBVPs is that the numerical integration of the differential
equations in the TPB VP fails if the problem is very sensitive to the
error in the initial conditions.3'4'10 The same difficulty may occur
in the continuation method with the open-loop control, when z(s)
is much different from the solution of F(z, s) = 0. In this case,
the continuation parameter should be introduced so as to avoid the
numerical difficulty. One can avoid overflow in integration of dif-
ferential equations by increasing the terminal time gradually from
a small value.

IV. Numerical Examples
A. Optimal Control Problem

An optimal control problem with initial and terminal constraints
is treated here in order to demonstrate the stabilized continuation
method. The problem is a variation of the standard problem of max-
imum velocity transfer to a rectilinear path,24 which is one of the
simplest practical problems in aerospace engineering. A particle of
unit mass is acted upon by a thrust force of constant magnitude a.
We assume planar motion, and the position and velocity of the par-
ticle are expressed by (x\, *2) and (jc3, ;c4), respectively. The control
input u to the system is the thrust direction angle (see Fig. 1). The
controlled system is governed by the differential equation

d_
dt

x\
X4

a cosu
asinu

(64)

The initial and terminal constraints are given as

*2(0)

-h jc4d)l r=0

(65)

(66)

where Vb denotes the magnitude of the initial velocity and h the
final height of the particle, respectively. Note that the direction of
the initial velocity is not given, although its magnitude is given. The
particle has to reach a given height *2 = h with the vertical velocity
#4 = 0 at the final time t = I . The control objective is to maximize
the final horizontal velocity #3, and the performance index is given
as

= -*3(D (67)

The problem is solved by the stabilized continuation method with the
continuation parameter introduced in several ways. The integration
intervals are divided into 100 steps for both of t and s in all cases.
The parameters are given as a = 5, V0 = 1» and h = I in the
numerical solution.

Fig. 1 Planar motion of a particle with acceleration a.

B. Solution by Varying Terminal Time
First, the present optimal control problem is solved by the stabi-

lized continuation method employing the terminal time as the con-
tinuation parameter. The terminal constraints are treated through
use of the continuous multiplier method. Normalizing the time as
t = sr, the system dynamics is modified so as to include the con-
tinuation parameter as

dr
X4

SX4

as cosu
as sin u

0 < 5, T < 1 (68)

The TPB VP associated with the parameterized optimal control prob-
lem is equivalent to finding the parameterized zero z(s) of the func-
tion F(z, 5), given as

+cited)-W- z =
*4(0)

A-2(0)
MO)

_ Ms _
(69)

where A2 and A,4 denote the costates corresponding to x2 and x4 and
/^3 the multiplier corresponding to the initial constraint X3 = 0,
respectively. The estimates of the multiplier for the terminal con-
straints are denoted by DI and v2 and are determined by the con-
tinuous multiplier method introduced in the previous section. The
differential equation for v>i and v>2 is given by

= C2 L
(70)

Since *i(0) and *2(0) are set to zero explicitly and some costates
can be solved evidently as AI (T) = 0 and A.3(r) = — 1, they are not
included in the vector of the unknown quantities z.

The initial conditions of z and v = [v»i v2]r are determined by
giving *3 (0) and X2 (0). Other elements of z (0) and v> (0) are obtained
from the conditions F(z, 0) = 0, jc2(l) = *2(0), X2(l) = A2(0),
and so forth, at s = 0. It may be noted that the terminal constraints
need not to be satisfied at s = 0, since the continuous multiplier
method is employed. The initial values of *3(0) and X2(0) are given
as *3(0) = Vb and A.2(0) = 0 in this example.

The differential equation (23) is integrated with the stabilizing
input v given as the following state feedback:

f >0 (71)

In spite of its simple form, previous analysis in Sec. II.B shows that
Eq. (71) is an optimal feedback that minimizes the performance
index:

1 f °
= -

L Jo
(72)

Although the integration interval of s is finite in the present example,
the above infinite-horizon criterion Eq. (72) is employed because
its optimal control is such a simple state feedback with a constant
gain, as in Eq. (71). The parameters of the continuous multiplier
method and the stabilizing input are chosen as c\ = 20, c2 = 4,
and f = 100 in the present case. Trial and error are necessary in
choosing the parameters of the multiplier method in order to attain
appropriate decay rates of errors in the terminal constraints.

The states ;c2 and ;c4 are plotted as a function of t and s in Fig. 2
in order to show the history of the solution process of the stabilized
continuation method. Note that the terminal time of the optimal
control problem is not normalized in Fig. 2. The terminal time is zero
at 5 = 0 and is 1 at s = 1. The curves *2(f, I)and;c4(f, 1) correspond
to the desired solutions of the optimal control problem. The curves
x2(s, s) and Jt4(s, s) show that the terminal states converge to given
values so as to satisfy the terminal constraints. The initial state
*4(0, s) also varies as s increases, being optimized and satisfying
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Fig. 2 History of continuation method with respect to terminal time. States xi(t, s) and xt(t, s) are plotted.

Fig. 3 History of continuation method with respect to control input. States X2(t, s) and x*{t, s) are plotted.

Fig. 4 History of continuation method with tracking control law. States xz(t, s) and £4(1, s) are plotted.

the initial constraint. The resultant final velocity A:3(l, 1) is 5.1,
and the optimal angle of the initial velocity is obtained as 40°. The
orders of the final errors in elements of F[z(l), 1] are less than
10~6 except that of F3, and the order of the error in F3 is 10~2.
The errors are reduced by a factor of ^ to -^ by introducing the
stabilizing input in comparison with results without the stabilizing
input. The orders of errors in the terminal constraints are less than
10~2, which can be reduced further by executing only the continuous
multiplier method after the continuation parameter reaches the final
value. It may be concluded that the stabilized continuation method
can be implemented with appropriate accuracy for optimal control
problems with general boundary conditions.

C. Solution by Continuation in Control Input
Next the optimal control problem is solved by continuation in the

control input. The system dynamics in Eq. (64) is modified in this
case as

t

x\

S COSU

s sinw

0 < s < a (73)

Note that the effect of the control input u vanishes and the
TPBVP is solved trivially at s = 0. The nonlinear equation to
be solved is the same as the case of varying the terminal time
[Eq. (69)], and the continuous multiplier method is employed
again in order to treat the terminal constraints. The parameters of
the continuous multiplier method and the stabilizing input Eq.
(71) are chosen as c\ = 4, c^ = 4, and f = 1 in the present
case.

The states ;c2 and ;c4 are plotted as a function of t and s in Fig.
3. Note that the terminal time is one identically from s = 0 to
s = a, which is different from the previous case. The curves JC2 (1, s)
and #4(1, s) show that the terminal states converge to given values
so as to satisfy the terminal constraints. The initial state Jt4(0, s)
also varies, being optimized and satisfying the initial constraint.
The resultant solution at s = a is same as the previous case. The
orders of the final errors in elements of F[z(l), 1] are less than
10~6, and the orders of the final errors in the terminal constraints
are 1(T2,

D. Solution by Tracking Control Law
As the last example, we examine the continuation method that

employs the tracking control law as the stabilizing input. The con-
tinuation parameter s is not introduced explicitly in the optimal
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control problem. The equation to be solved is F(z) = 0 with the
function F(z) and the vector z given by

• 2^3*3(0) - 1 '

2/1X3*4(0) + Vj + V2

*f(0)+;t4
2(0)-V0

2

*4(D

z =

•*3(0)'

*4(0)

(74)

where vi and v2 are Lagrange multipliers corresponding to the ter-
minal constraints. Note that the function F and z are different from
those in the previous two cases, and the terminal constraints are in-
cluded in the function F explicitly. The terminal constraints are not
necessarily satisfied at s = 0 and are controlled to be zero at s = I
by a tracking control law, not by the continuous multiplier method.
The differential equation for F in this case is expressed as

dF
-7- - Fref), > 0, 0 < s < 1 (75)

where the references are given by the open-loop control in Sec. III.C
as

(76)

(77)

The gain of the tracking control is set as £ = 1 in the numerical
solution.

The history of the solution process is shown in Fig. 4. The termi-
nal states ̂ 2(1,5) and #4(1, s) track each reference well. The orders
of the final errors in elements of F[z(l), 1] are less than 10~6. The
stabilizing input reduces the final errors by factor of about ̂  in com-
parison with the result without the stabilizing input. One advantage
in the stabilized continuation method is improvement in accuracy of
solutions without increasing the computational effort significantly.

V. Conclusions
The stabilized continuation method is proposed for solving a large

class of optimal control problems with general boundary conditions
and nondifferential constraints. The original problem is converted
to an initial-value problem for a finite-dimensional ordinary differ-
ential equation. Existing integration algorithms are applicable to the
initial-value problem. It is shown that a singularity in the differential
equation can be avoided by modifying the algorithm. Furthermore,
the stabilization techniques are developed to suppress accumulative
errors in the integration process efficiently. The stabilization of a
correct solution is shown to be equivalent to a control problem of a
linear system, and some design procedures of the stabilization term
are considered.

The multiplier method (augmented Lagrangian method) is natu-
rally modified in order to give a simple and efficient way to treat
terminal constraints and/or initial constraints in the continuation
method. An open-loop stabilizing technique is also analyzed and
is shown to be applicable to a large class of problems. Numerical
examples show that the proposed methods yield solutions of ap-
propriate accuracy for a problem with general boundary conditions.
The proposed stabilization techniques improve the accuracy of solu-
tions without increasing the computational effort significantly. The
numerical examples also reveal that trial and error are necessary in
choosing the parameters of the multiplier method in order to attain
appropriate decay rates of errors in terminal constraints. One draw-
back in the proposed method is that it often requires rather much
computation even for such a simple problem as is treated in the
example. However, the present approach can be valid for problems

that are hard to solve with an iterative method based on successive
approximation.
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